On the categorization of a beta-uniform
distribution and its application to the gene
expression problem
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Abstract
Based on a set of cutting points we propose to categorize a betauniform (BUM) distribution, and term the categorized distribution
as the C-BUM distribution. We study the categorization eﬀects by
comparing the performance of the maximum likelihood estimates for
both models, for diﬀerent sets of cutting points. Using the missing
information principle we compute the BUM and C-BUM theoretical
Fisher information matrices to assess loss of information. Finally, we
evaluate the method to a published cancer gene expression data study.
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Introduction

In microarray experiments investigators are allowed to compare the expression levels of thousands of genes in samples collected from diﬀerent tissues or
at diﬀerent time points or conditions. An common goal in DNA microarray
experiments is the identiﬁcation of diﬀerentially expressed genes. Thousands
of p-values are generated when comparisons among levels of expressions under diﬀerent conditions are performed by hypothesis testing, one per gene,
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resulting in a very complex multiple-testing problem. In general, levels of
expression are compared under one speciﬁc condition, for example diﬀerent
time points. However, futurely it may be of interest to investigate how other
variables, for example treatment factors, aﬀect those genes that were found
to be statistically expressed. Additionally, investigators may prefer working
with the outcome in a categorical way, and create reference classes to classify
future outcomes.
For a set of p-values, those arising from the null hypothesis are distributed
uniformly on the interval (0,1) (Casella and Berger, 1990). A reasonable
model for the distribution of p-values arising from microarray experiments
was proposed by Pounds and Morris (2003), which express the distribution of
a set of p-values as a mixture of a uniform (0,1) component and a beta component, named as beta-uniform (BUM) model. In this study, as a method of
categorization of p-values, ﬁrst we propose to approximate the distribution
of a set of p-values by the BUM model. Second, categorize those p-values
using arbitrary cutting points, leading to categories of p-values that could
represent those genes that are highly expressed, mild expressed or not expressed, for example. If a continuous variable has a linear regression with
some predictor variables, then the same eﬀect parameters apply to a discrete
version with the categorized variable (Agresti, 2002). Although this is not
the purpose of our work, this feature makes it possible to compare estimates
from studies using diﬀerent response scales.
This study proposes to categorize a beta-uniform distribution in the context of DNA microarray experiments. First, we introduce the beta-uniform
(BUM) model and develops the categorized beta-uniform (C-BUM) model
from an arbitrary set of cutting points, as described in Section 2. The published data set of Luberhofer et al. (2002) used to evaluate the method is
described in Section 3. Although the focus is on categorizing genes from
signiﬁcance of levels of expressions, the method described in this article is
applicable to any data whose distribution is approximated by a BUM model.
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2.1

Methods
The BUM and C-BUM models
′

Let x = (x1 , ..., xn ) be a vector of n independent random variables, with xi ∈
(0, 1) representing, for example, the ith p-value obtained from some statistical

test. We assume that xi follows a beta-uniform mixture distribution given
by
f (xi ; λ, α) = λ + (1 − λ)αxα−1
, I(0,1) (xi ),
i

(1)

where λ ∈ (0, 1) and α ∈ (0, 1) are the mixture and beta distribution parameters, respectively, and I is an indicator function. Now, using arbitrary
′
cutting points represented by the vector l = (l0 = 0, l1 , l2 , ..., lc = 1) , where
c = 1, 2, 3, ... is a known constant, the (0, 1) beta-uniform interval is discretized into the intervals (l0 , l1 ), (l1 , l2 ), ..., (lc−1 , lc ). We associate the category 1 to the (l0 , l1 ) interval, the category 2 to the (l1 , l2 ) interval, and so
on. Therefore, if a certain xi falls into the (lj−1 , lj ) interval, the category j,
j = 1, ..., c, is associated to it. Following this scheme, a new random vec′
tor is created, say y = (y1 , ..., yn ) , with yi = 1, ..., c, and the probability
distribution of yi is given by
p(yi ; α, λ) = P (Yi = yi )
= P (lyi−1 ≤ Xi ≤ lyi )
∫ ly
i
[λ + (1 − λ)αxα−1
]dxi
=
i
lyi−1

= λ(lyi − lyi−1 ) + (1 − λ)(lyαi − lyαi−1 ).

(2)

Therefore, the log-likelihood function is given by
l(λ, α; y) =

n
∑

ln[λ(lyi − lyi−1 ) + (1 − λ)(lyαi − lyαi−1 )],

(3)

i=1

where ln is the natural logarithm function. In particular, the maximization of
l(λ, α; y) with respect to λ and α is not straightforward and require iterative
procedures. The estimation of the parameters of a mixture can be handled
by a variety of techniques (see Titterington et al. (1985) for an exhaustive
review of those methods), and in this study we used the numerical approach
proposed by Byrd et al (1995).

2.2

The Fisher information matrix for the BUM and
C-BUM models

Using the missing information principle introduced by Woodburry (1971),
we compute the BUM and C-BUM information matrices. Suppose we know

which observations came from the ﬁrst component and which came from the
second; that is, suppose we could observe Zi = 1 when Yi is from the ﬁrst
component and Zi = 0 when from the second component. Then, the C-BUM
associated log-likelihood with the complete data (y, z) is given by

l(λ, α; y, z) =

n
∑

ln{[λ(lyi − lyi −1 )]zi [(1 − λ)(lyαi − lyαi −1 )]1−zi }

i=1

= lnλ

n
∑

zi +

i=1

+ ln(1 − λ)

n
∑

zi ln(lyi − lyi −1 )

i=1
n
∑

(1 − zi ) +

i=1

n
∑

(1 − zi )ln(lyαi − lyαi −1 ).

(4)

i=1

′

Let θ = (λ, α) . Louis (1982) demonstrated that
[ 2
]
[
]
d lc (λ, α; y, z)
dlc (λ, α; y, z)
d2 lc (λ, α; y, z)
= Ez|y,θ
+ V arz|y,θ
,
′
′
dθ
dθdθ
dθdθ
which, on multiplying by −1, yields
I(θ|y) = Ic (θ|y) − Im (θ|y),
where I(θ|y), Ic (θ|y) and Im (θ|y) can be interpreted
com- [
[ as2 the observed,
]
]
∂ lc (λ,α;y,z)
∂lc (λ,α;y,z)
plete and missing information matrices. Here, Ez|y,θ −
and
V
ar
′
z|y,θ
∂θ
∂θ∂θ
are linear in Zi , so we just replace zi by
Ez|y;λ,α (Zi ) = P (Zi = 1|y; λ, α)
[
(
)
]−1
(1 − λ) lyai − lyai −1
=
+1
λ
lyi − lyi −1

(5)

or
V arz|y;λ,α (Zi ) = Ez|y;λ,α (Zi )[1 − Ez|y;λ,α (Zi )]
= (9)[1 − (9)],

(6)

when appropriate.
Now, the log-likelihood of the BUM model is given by
L(λ, α; x) =

n
∏
i=1

],
ln[λ + (1 − λ)αxα−1
i

(7)

and suppose we could observe Vi = 1 when Xi is from an uniform distribution
in the (0, 1) interval, and Vi = 0 when from the Beta(α, 1) distribution. The
log-likelihood with the complete data (x, v) is
Lc (λ, α; x, v) = ln(λ)
+ ln(α)

n
∑
i=1
n
∑

vi + ln(1 − λ)

n
∑

(1 − vi )

(8)

i=1

(1 − vi ) + (α − 1)

i=1

n
∑

(1 − vi )ln(xi ),

i=1

]
]
[ 2
[
∂ Lc (λ,α;x,v)
∂Lc (λ,α;x,v)
and Ev|x,θ −
and V arv|x,θ
are linear in Vi , so we
′
∂θ
∂θ∂θ
just replace vi by
Ev|x;λ,α (Vi ) = P (Vi = 1|y; λ, α)
{
}−1
(1 − λ(k) ) [ α−1 ]
=
αxi
+1
λ(k)

(9)

or
V arv|x;λ,α (Vi ) = Ev|x;λ,α (Vi )[1 − Ev|x;λ,α (Vi )]
= (9)[1 − (9)],

(10)

when appropriate.
Since the complete-data are not fully observed, we take the conditional
expectation of I(θ|y) and I(θ|x) over Y and X, obtaining the Fisher information matrices for the C-BUM and BUM models, respectively.
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3.1

An example
Description of the experiment

The Luberhofer et al. (2002) data set is used to illustrate the method presented here. This data set comes from a study of gene expression of a
hormone-responsive breast cancer cell line (MCF-7) treated with a mitogenic dose of estrogen in the absence of confounding growth factors found
in serum. For each replication, cell samples were treated either with ethanol
(control) or with estrogen, and gene expression changes were monitored 1,
4, 12, 24, 36, and 48 hours after estrogen stimulation so that RNA levels

at critical times throughout cell cycle progression could be monitored. The
cDNA analysis were conducted on two replicate cultures. In the ﬁrst biological replicate the quantity of total RNA of 35 µg for Cy3-labelled probes and
75 µg for Cy5 was used. A total of 30 µg was used for either label during the
second replicate. Each RNA was hybridized to four arrays, two of each dye
orientation. Because each time point was also biologically replicated a total
of eight arrays for each time point was analyzed. This study produced gene
expression data for 1901 genes in n = 48 arrays. The microarray data are
expressed as a ratio of the level of expression of estrogen-treated vs control
cells.

4

Results

To assess the eﬀect of ﬂuorophore incorporation process in the microarray experiment, which may generate discordant expression values, a Kruskal-Wallis
(Kruskal and Wallis, 1952) test was used across replicates hybridizations in
the database. Using a signiﬁcance level of 5%, 671 genes were excluded from
the list of estrogen-regulated genes. The remaining 1230 genes were tested
as estrogen-regulated inside each of the 6 time points, using the Wilcox (Hollander, M. and Wolfe, D. A., 1973) test. For each time point, the p-value
distribution is approximated to a BUM distribution, and afterwards p-values
are categorized in c categories, according to the cutting points given by the
vector l. We intend to discuss the results by comparing the ML estimates
of the parameters α and λ for the BUM and C-BUM models, for diﬀerent l
vectors. We assess the loss of information by means of comparing the Fisher
information matrices for the two models, for the diﬀerent l vectors.
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